Using symplectic techniques and spectral analysis of smooth paths of self-adjoint operators, we characterize the set of conjugate instants along a geodesic in an infinite dimensional Riemannian Hilbert manifold.
Introduction
Let (M, g) be a (possibly infinite-dimensional) Riemannian Hilbert manifold. For x ∈ M we denote by exp x the exponential map of (M, g) (a) . An instant t ∈ a, b is said to be conjugate along γ if E t fails to be an isomorphism. Traditionally (See [2]), a conjugate instant t is called monoconjugate if E t fails to be injective and epiconjugate if E t fails to be surjective; the multiplicity of a monoconjugate instant t is defined as the dimension of the kernel of E t . As it was already proven in (See [2]), every conjugate instant is epiconjugate (see also Remark 6), and it is convenient to introduce the notion of strictly epiconjugate instant, to denote an instant t ∈ a, b for which the range of E t fails to be closed in T γ (t) M. Unlike in finite-dimensional Riemannian geometry, conjugate instants along a geodesic can accumulate. The classical example of this phenomenon is given by an infinite dimensional ellipsoid in 2 whose axes form a non discrete subset of the real line (See [2]); in this example one has a sequence of monoconjugate instants converging to a strictly epiconjugate instant. The goal of the present article is to study the distribution of monoconjugate and strictly epiconjugate instants along a geodesic γ . We prove the following result:
Theorem Let (M, g) be a Riemannian Hilbert manifold and let γ : a, b → M (−∞ < a < b ≤ +∞) be a geodesic; denote by K ⊂ a, b the set of conjugate instants and by K m ⊂ K the set of monoconjugate instants along γ . Then:
The set of strictly epiconjugate instants along γ coincides with the set K of limit points of K, so that K \ K ⊂ K m . (c) If M is modeled on a separable Hilbert space then K m is countable.
Conversely, given an interval a, b , a set K ⊂ a, b that is closed in a, b , a subset K m of K containing K \ K and a map m : K m → {1, 2, . . . , +∞} then there exists a conformally flat Riemannian Hilbert manifold (M, g) and a geodesic γ : a, b → M such that the set of conjugate instants along γ is K, the set of monoconjugate instants along γ is K m and the multiplicity of each t ∈ K m is m(t). Moreover, if K m is countable then one can choose M to be modeled on a separable Hilbert space.
The theorem above gives a complete characterization of the conjugate instants along a geodesic in a Riemannian Hilbert manifold. Observe that the Theorem implies that if there are no strictly epiconjugate instants along γ (for instance, when the exponential map is Fredholm) then the set of conjugate instants along any compact segment of γ is finite. This fact had already been proven by Misiołek in [4] under a certain technical hypothesis that also implies that the exponential map along a geodesic is Fredholm. We also prove a Morse Index Theorem for geodesics in Riemannian Hilbert manifolds in the case of absence of strictly epiconjugate instants.
The proof of the several statements in the thesis of our Theorem is scattered along the entire article. In Sect. 2 we give a sketchy introduction to the symplectic background necessary to follow the arguments presented in the article. In Sect. 3 we show how the study of conjugate instants can be reduced to the
